AN EXPLICIT EXAMPLE OF TOMTER’S ALGEBRAIC ANOSOV FLOWS OF
THE MIXED TYPE

We give an example of Tomter’s algebraic Anosov flow of mixed type over a geodesic flow of a
genus 2 surface, and try to understand the orbits and foliations in the fibres.

1 Arithmetic Fuchsian groups

We know that A := (%) is a quaternion division algebra that gives rise to an arithmetic

Fuchsian group of a genus 2 surface [Mac08]. We compute the action on the torus R*. Then the
action of all the integer points passes to an action on T

More generally, for a quaternion algebra B = (“T’b) where F is a field extension of degree n over
Q, B acts on R4",

We can write z € A as x = a + bi + ¢j + dk where i2 = 26 and j% = =5, a,b,c,d € Q. We also have
ij =k =—ji,jk = —kj = jij = —ij° = bi,ik = —ki = i3] = 26, k% = ijij = —jiij = —265° = 130.

There is an embedding of x = a + bi + ¢cj + dk where a,b,c,d € R into Maz(R) by

e 7|

Then z ~ [_55:5(5\2/6%) Ztcbi\/—gg] Note that |z|? = 27 = (a + bi + ¢j + dk)(a - bi — ¢j — dk) =

2 2 2 2 a+b\v26 c+d\26
a® —26b° + 5¢* — 130d —det([_56+d(5\/%) el

We can also embed A into My (Q) by z —» (M, :y ~ xy) for x,y € A. Now M, is 4-by-4 matrix
with rational coefficients which we can write down explicitly:

a 26b -b5c 130d
b a 5d 5c
c -26d «a 26b
d -c b a

The image of A forms a linear subspace of My, (Q).

—m]’j”[% 1]””[5m

On the other hand, we consider [ @ +bv26 c+d 26:| acting on {[1 0] , [(1) 8] , [8 (1)] , [8 (1)]}

-5c+d(5v/26) a-bv26 00
(a change of basis of 1,i,j,k € A in My (R)) as acting on R? @ R = R*, so the det(M,) =

([ a+tvE@_ cravam]\
~5c+d(5v26) a-bv26])

Now denote G(F) := {M, € Myy(F)nW :det(M,) =1}, where F can be Z,Q,R. We check that
G(R) 2 SL(2,R): the isomorphism is given by (2 ~ M,). Denote I' := G(Z)/{+I>}. T is a Fuchsian
group and it is cocompact in PSL(2,R) by Mahler compactness criterion [Kat92, Theorem 5.4.1].
The action of I = (Z)/{xI2} on the torus is well-defined by taking +z — £M_,.

2 Tomter’s example

We compute the eigenvalues and eigenspaces of such matrices M,. Let also a?—26b%+5¢?-130d? =
1.
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For any v € I, there exists g € PSL(2,R) such that gyg~! is a translation along the axis (i,7)

of the upper half plane model H?, which corresponds to [a+b 26 o — /36 (in this case ¢ =
d = 0). The eigenvalues of My, 1 are A\ = a +/26b, A2 = a —/26b, and the eigenvectors are

V261 T 0 7[7-v26]1 [ ©

(1) , \/(;— , (1) , _\9% . We have A\jAg = 1, and M, 1 is hyperbolic. Therefore v acts
0 1 0 1

on the torus also by a hyperbolic matrix.
For any (7,n) € TxZ*, we have (g,2)(v,n) = (¢7,7 L.2+n). Denote M := PSL(2,R)xR*/(T'xZ*).
M is a torus bundle over the unit tangent bundle of a surface of genus 2.

—t/2
Let a; = [e et/Q] denote the geodesic flow on T1H? = PSL(2,R) and for any g € PSL(2,R)

it acts by the right action R4, (g) = ga;t. For (g,z) € PSL(2,R) x R*, let Ry, (g,2) = (ga;t, ).
The flow ®: M — M defined by ®'((g,z)(I' x Z*)) = (ga; ', z)(T' x Z*) is Anosov.

3  Orbits of &'
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