ANOSOV DIFFEOMORPHISMS ON A PRODUCT OF SURFACES

DANYU ZHANG

ABSTRACT. We show that there is no transitive Anosov diffeomorphism with the global product
structure, on a product of two closed surfaces, each of which has genus greater than or equal to
two.

1 Introduction

We start by recalling the definition of an Anosov diffeomorphism and some progress on the
classification problems of Anosov diffeomorphisms. Let f : M — M be a C' diffeomorphism. If
there exist an invariant splitting TM = E° @ E* under df, a Riemannian metric |- | on M, and
constants C' > 0, A € (0,1), such that

|df"v* < CX*[v®|, for v® e E¥,

[df "o < CA™|v"|, for v" e EY,
then we call f an Anosov diffeomorphism. A dynamical system is transitive if there exists a dense
orbit.

It is a long-time open question (see for example [Sma98]) if every Anosov diffeomorphism lives
on up to a finite cover a nilmanifold (a manifold whose universal cover is a simply connected
nilpotent Lie group). Codimension-one (i.e. either the stable or unstable bundle has dimension 1)
Anosov diffeomorphisms only live on torus, according to Franks [Fra70] and Newhouse [New70].
Yano [Yan83] has showed that there are no transitive Anosov diffeomorphisms on negatively curved
manifolds. Gogolev and Lafont [GL16] proved that a product My x---x My x N where M;, i=1,...,k
is a closed negatively curved manifold of dimension > 3 and N is a nilmanifold does not admit
transitive Anosov diffeomorphisms. Neofytidis [Neo21] showed that any geometrizable 4-manifold
which is not finitely covered by a product of closed surfaces Sy x S}, of genus g,h where g > 2 or
h > 2 does not admit transitive Anosov diffeomorphisms.

Consider the pair of the stable and unstable foliations of an Anosov diffeomorphism lifted to the
universal cover, if every pair of the stable and unstable leaves in the universal cover intersects only
once, then we say that the Anosov diffeomorphism has the global product structure. Hammerlindl
[Ham14] showed that if an Anosov diffeomorphism has the polynomial global product structure,
(i.e., suppose z,y denote two points in the universal cover, z denotes the unique intersection of the
stable leaf passing through z and the unstable leaf passing through y, and ds, d,, denote the distance
along the stable and unstable leaves respectively, while d is the extrinsic metric, and then there
exists a polynomial p such that ds(z, z) + dy(y,2) < p(d(x,y))), then it is topologically conjugate
to an infranilmanifold automorphism. The polynomial global product structure implies that the
fundamental group has polynomial growth.

In this short note, we want to partially answer the question asked in [GL16], whether there is an
Anosov diffeomorphism on a product of two hyperbolic surfaces. We want to point out that this
case is interesting to us because it lies in between the above already known cases: The 4-manifold
is a product of two hyperbolic manifolds of dimension 2, and the leaves do not have the polynomial
global product structure.
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Theorem 1.1. There is no transitive Anosov diffeomorphism with the global product structure on
a product of two closed surfaces of genera each > 2.

We want to proceed by reaching a contradiction. Let S7, Sz denote the two surfaces, each of
which has genus > 2, and M := S x S5. Suppose G : M — M is a transitive Anosov diffeomorphism
with the global product structure.

We follow the following steps.

1. We show that up to homotopy, G can be reduced to a product of self-diffeomorphisms f1, fo
of each surfaces such that

Gy = (f1)y x (f2)g :m(S1) x m1(S2) = 71 (S1) x m1(S2),

and G is homotopic to fi x fo = F.

2. We show that both f; and f2 have to be pseudo-Anosov.

3. We establish Handel’s result [Han85] for fi x fa, i.e., we show that there exists a closed
G-invairant subset Y and a continuous surjective map ¢ : Y — M, such that poGly = Fop.

3. We show that ¢ is a homeomorphism by adjusting the argument of Handel [Han85] for the
Anosov diffeomorphism. Hence there is a contradiction.

Before we commence to give the details of the proof, we would also like to point out two apparent
questions about Anosov diffeomorphisms that arise constantly: 1. Are all Anosov diffeomorphisms
transitive? 2. Do all Anosov diffeomorphisms have the global product structure?

2 The proof of 1.1

2.1 Preliminaries and notations

We further recall several common notations and facts that we will use in our proof.

The stable and unstable distributions of an Anosov diffeomorphism on a closed manifold M
are integrable to what we call the stable and unstable leaves. We denote the local embeded discs
of diameter ¢ of the stable and unstable leaves centered at a point x € M as W7 (x) and W} (x)
respectively.

The local leaves also always have the local product structure, that is, there exist constants ¢ >
0, 0 > 0 such that for all z,y € M with d(x,y) <, WZ(x) and W2(y) (also W¥(z) and W(y))
intersect transversely in a unique point. We remark that €, § do not depend on z,y.

Here is an important property that follows from the global and local product structure, which
we make use of repeatedly in later proofs.

Remark 2.1. Suppose that a pair of foliations 71, %5 in M has both the global and the local
product structure. Then for any compact set K € M, there exists a constant By such that

sup{d;(z,y) : y € K is in the same leaf of .%; with z} < Bg, i=1,2,
reK

where d; denotes the distance along the leaf between two points in the same leaf of .%;. This seems
to be implicit in the proof of Theorem 1 of [Fra69], and we gave a detailed fact checking in Lemma
5.6 of [Zha24].

We also want to take the following two definitions from [Han85]. Suppose we have F' : M - M
and G: M - M such that F ~G.

Definition 2.2. The F-orbit of x € M is K-globally shadowed by the G-orbit of y € M if there are
lifts T of x and § of y such that the distance in the universal cover between corresponding points
d(F*%,G*)) < K for all k € Z. We write (F,z) ~% (G,y) or (F,z) ~ (G,y) if the shadowing
constant K is not specified.
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Definition 2.3. Ifz € M is a fized point of F" and % is a lift of z, then F"'& = s& for some covering
translation s of M. Similarly, if y € M is a fized point of G™ and § is a lift of y, then G =t for
some covering translation t. We say that (F™,x) and (G",y) are Nielsen equivalent if there exist
lifts T and 3 such that s =t.

Remark 2.4. Both K-global shadowing and Nielsen equivalence define equivalence relations.

Remark 2.5. One useful observation that we want to make is that the definition of Nielsen equiv-
alence above is equivalent to “H-related” [Bro7l], i.e., if F' is homotopic to G by a homotopy
H:MxI - M, and z,y are fixed points of F' and G respectively, there exists a path C': [ - M
such that H(C(t),t) is homotopic to C(t) relative to z,y.

Indeed, if there exist lifts &, § such that F"Z = s and G™jj = sj where s € (M), then by path-
connectedness of M, take any path C' connecting &, 4, H(C(t),t) is homotopic to sC(t) which is
just another lift of the same path, because M is simply-connected. Thus the projection of C' to M
is a path that we want.

Conversely, if there exists a path C' in M such that C(0) = F"x = z, C(1) = G™y = y, and
H(C(t),t) is homotopic to C where H is a homotopy between F and G, then the lift of the
homotopy between H(C(t),t) and C tells us that "% = sC(0) and F™jj = sC(1) because the fibres
of the covering projection are discrete.

interest, and M = S x So. We are always going to let fi denote the induced automorphism of a
map f: N — N on 7w (N).

Throughout this note, we use 51,53 to denote the two closed surfaces of genera > 2 of our

2.2 Reduction of the map
Let us denote I'y := 71(S7), T'g := m1(S2), and T':=T'y x Ts.

Lemma 2.6. Let 1) € Aut(I'). Then 1? = 11 x 1o, where 1; € Aut(T;), i=1,2.

Proof. Let (g,h) € I'. The centralizer Cr((g,h)) = Cr,(g) x Cr,(h). In a surface group G (of a
surface of genus > 2), if G 3z #id, then Cg(x) =Z ( [FM11], pg. 23); if z =id, Cg(z) =G.

For any ¢ € Aut(I"), we have Cr(z) j) Cr(v(x)) .

Now if g =id but h #id, Cr((g,h)) ~ Ty x Z ~ Cr(¢(g,h)). So ¥(g,h) = (id,h") where h’ # id.
This means ¥ ((id) x I'y) = (id) x 'y or I'y x (id) if I'; ~ I's. Similarly ¢(I'; x (id)) = I'y x (id) or
<1d> X FQ. |

Again let G : M — M where M = S; x Sp. Without loss of generality we assume that G splits
on m(M). Otherwise we take G2. In the rest of the paper, we pick and fix f; : S - S1 and
fo 1S9 > S5, surface homeomorphisms that induce the automorphsms on the fundamental groups,
as in the above lemma, such that G ~ f] x fs.

2.3 Handel for a product of surfaces

Now suppose G : M — M is an Anosov diffeomorphism and it is homotopic to f; x fo where
fi:8; = S;, i=1,2 are surface diffeomorphisms. We let p1, p2 denote the projections p; : M — .Sp
and po: M — So.

We are always going to assume that our stable or unstable bundle of G has dimension 2. Oth-
erwise it is covered by Franks-Newhouse [Fra70] [New?70].

We then have the following observation.
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Lemma 2.7. While G is Anosov with the global product structure, fi and fo are both pseudo-
Anosov.

Proof. Without loss of generality, we assume that the mapping class of f; is reducible. We will
reach a contradiction.

Consider an isotopy class of simple closed curves of S1, such that the class is invariant under f7.
We take a representative simple closed curve « of this isotopy class. We cut open v at x € v. To
suppress the notation, we also use v and x to denote the curve and the point in a fixed copy of .51
in the product space S x So, say py'(y) where y € Sa.

Now we could choose lifts of v and z, and denote them as 4 and z. Also fix lifts fl, fg and G.
As fi x fo = G, and fj fixes the homotopy class of v, we have that 7, (f1 x f2)™(5) and G"(w) are
freely homotoplc for any n > 0. Let us denote G"(&) =: &, and so the other endpoint of G™(¥) is
Y&, as it is & translated by ~, thought as a member of w1 (M).

Consider the projection along the stable leaf passing through vZ, and to the unstable leaf
through the unique intersection point Z,, (see Figure 1). Note that with our definition of notation,
G(&n) = Fns1, G(Zn) = Zns1, as G maps stable (unstable) leaves to stable leaves (unstable) leaves.
The piece between &, and Z, becomes shorter and the length of the piece between the points &,
and z, grows exponentially as n grows.

FIGURE 1. Curves under iteration; s and u mark the stable and unstable leaves respectively

But on the other hand, by the property of the global product structure 2.1, for any compact set
K in M, there is a large N > 0 such that &, and %, grow out of oK, for any « € 71 (M) (i.e. any
translation of K), as long as the unstable leaf does not entirely lie in So, which is the case as the
leaf has dimension 2. We can further take larger N to make sure that &, is so close to z, and
whenever n > N, vZ,, is also outside any translation of K. .

Suppose now we take K to be a large set that contains any fundamental domain of M and the
translation of this fundamental domain under «. Then we have reached a contradiction, as for large
n, G"(v) cannot be freely homotopic to . [ ]

We have the following proposition.

Proposition 2.8. Let fi, fo be two pseudo-Anosov diffeomorphisms of two surfaces Si,S3, each
of which has genus > 2. Suppose G : S1 x Sy - S1 x Sy is any map that is homotopic to F := fi x fo.
Then there exists a closed subset Y € S1 x So and a continuous surjective map ¢ : Y — Sp x So,
homotopic to the inclusion, such that p o Gly = F o ¢.

We want to point out that the proof is directly generalized from [Han85]. We include the detailed
proof for completeness in Appendix A.
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2.4 The contradiction

In this subsection, we assume our Anosov diffeomorphsim G: 1. is transitive, which implies that
periodic points are dense; 2. G has the global product structure.

Furthermore, from the last section, G : 7 (M) — 71 (M) does not fix any free homotopy class
neither.

Remark 2.9. We observe that a transitive Anosov diffeomorphism with the global product structure
simulates the behavior of a pseudo-Anosov diffeomorphism, so we expect that we could run the
argument of Handel one more time and get an inverse of the ¢ in Proposition 2.8.

Proposition 2.10. The ¢ defined in Proposition 2.8 is a homeomorphism.
To prove the proposition, we prove the Anosov version of following lemmas.

Lemma 2.11 (Lemma A.4 for Anosov). (i) If yi,y2 are distinct fized points of G™, then (G™,y1)
and (G™,y2) are not Nielsen equivalent. (ii) If y is G-periodic with least period n, then there exists
x which is F-periodic with least period n and such that (F™,x) is Nielsen equivalent to (G",y).

Proof. Suppose G™ fixes y; and y9 and (G" y1) and (G” y2) are Nielsen equivalent, i.e., there
exists lifts 71, 92 and t € w1 (M) such that G"yl =ty and G" Yo = tgo. Then ¢t~ 1G” as another lift
of G™, fixes both §1 and 7. Suppose 7 is the intersection of the unstable leaf of §; and stable leaf
72. Then Z must also be fixed, which is impossible, because t1gn maps the unstable (stable) leaf
to the unstable (stable) leaf and maps the intersection to the intersection.

Now the fixed point index of G can only be (—1)the dimension of the unstable bundle _ ;1 By Theorem
3, pg 94 of [Bro71], there exists a fixed point x of F™ such that (F",z) is Nielsen equivalent to
(G™,y). We can check that n is the least period of x , by the same argument as in the proof Lemma
A4 [ ]

Corollary 2.12 (Theorem A.8 (ii) for Anosov). For all y € M, there exists an v € M such that
(F,z) ~ (G,y); if y is G-periodic with least period n, then x can be chosen to be F-periodic with
least period n.

Proof. Lemmas A.2 and A.6 are still true because we are working with F'. Note that since Nielsen
equivalence and K-global shadowing are symmetric, because they are equivalence relations, for our
fixed F,G, we can simply apply the statements for F'.

Now because the periodic points of G are also dense, for any y € M, there exists a sequence of
periodic points ¥, that approaches y and each of which is globally shadowed by a periodic point
x, of F', by Lemma 2.11. Then we can choose a convergent subsequence of x,,. The limit point
globally shadows y, by Lemma A.6. It has least period n, which follows the same argument as in
Lemma A.4 (see also Remark A.9). ]

Proof of Proposition 2.10. Recall that in the proof of Proposition 2.8 (i.e. Theorem A.1 of the
Appendix), we have defined

Y ={y e M: there exists x € M which globally shadows y},

and ¢ : Y — M such that ¢(y) = 2 where = globally shadows y. By Corollary 2.12, Y = M. We
only need to show that ¢ is injective.
Assume that there are y; # y2 such that ¢(y1) = p(y2). Then there are lifts g7 # g2 and ¢ such

that $(g1) = ¢(%2)-
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Consider the unique intersection Z of the unstable leaf u; of §; and the stable leaf sy of §js. Let d,,
and ds denote the distances between two points along the unstable and stable leaves respectively.
We know that

(1) du(G*g1,G*2) > Cp*d, (51, 2), and
(2) ds(G %o, G7F2) > Op*dy (92, 2),
where p € (0,1) and & > 0.
From the topology of the measured foliations of the pseudo-Anosov maps, we know that each
pair of stable and unstable leaves also intersect only once. Also, ¢ maps local stable and unstable

discs of G to the local stable and unstable discs of F respectively. Thus @¢(2) = 3(71) = ¢(72). In
addition, for any n € Z,

P(G"1) = F™(q1) = F™(¢52) = F(92) = @(G"52) = p(G"2).
On the other hand, if we let K denote the preimage of a fundamental domain of M under ¢. It
is compact because ¢ is proper. There is an upperbound By > 0 depending on K such that

sup{du(z,y): yeu(z;G)} < Bk
xeK

where u(z;G) denotes the unstable leaf of C;’N passing through x (see Remark 2.1). But now (1)
tells us that the distance between G"g; and G™Z along the leaf can be unbounded as n - co. We
have reached a contradiction. ]

Proof of the main theorem 1.1. The homeomorphism ¢ should map the leaves of G to the leaves of
F, but this is impossible when it comes to a singular leaf of F'. [

Acknowledgements. I would like to thank Jean Lafont for pointing me to this question and
many conversations.

A Proof of Handel for a product of surfaces

In this appendix, we let f1:57 — S1, f2:.52 = So denote two pseudo-Anosov diffeomorphisms of
closed surfaces S1, S, denote M := 51 x Sy, and let G: M — M be any map that is homotopic to

F = f1 x fo.
We follow [Han85] to prove the following theorem.

Theorem A.1 (Theorem 2 of [Han85]). There exists a closed G-invariant subset Y € M and a
continuous surjective map ¢ :Y — M that is homotopic to an inclusion, such that ¢ o Gly = F o ¢.

We will make use of the following properties for a pseudo-Anosov homeomorphism f: S — S,
where S is a closed surface.

(1) The periodic points of f are dense;

(2) The action induced by f on the free homotopy classes of S has no periodic orbits;

(3) The fixed point index of a fixed point x of f" is never 0; )

(4) There exist A > 1 and an equivariant metric D on the universal cover S of S such that
D =+/D2+ D2, where D, : SxS - [0,00) and D, : SxS — [0, 00) are equivariant functions
satisfying:

Du(fir, fE2) = ADu(Z1,22) and  Do(f'&1, [ 22) = ADs(Z1, 22)
for all Z1,7s € S and all lifts f of f.

We now check the corresponding properties for F. Note (4’) is different but will be sufficient for
our purposes.

(1’) The periodic points of F' are dense.



7

Proof. Let Py, P, P be sets of periodic points of f1, fo and F', respectively. Then if (1, x2) € P1xPsa,
there exist ny,no such that f™z; = 1 and f"2xy = x9, so FN(x1,22) = (21,29) for some N and
P1 x Py € P. Since the periodic points of f; and fo are dense, P, =5, and Py = Sy. For any
(z,y) € M, any neighborhood U x V that contains (z,y), there exist 2’ € UnPy,y" € V NPy, so
(2',y") e U xV 0Py x Py € P. Therefore P> M and P = M. m

(2’) The action induced by F' on the free homotopy classes of M has no periodic orbits.

Proof. We know that (M) =71 (S1) xm1(S2) and Fy = (f1)x x (f2)%. Suppose Fy has a periodic
orbit. There exist a € m1(S1), B € m1(S2), v € m (M), and n € N such that ((fl);;oz, (fg);iﬂ) =
7 Y(a, B)y. Then there exist periodic free homotopy classes of f1, f2, which contradicts to (2). m

e fixed point index of a fixed point (z,y) € M o is never 0.

3’) The fixed point ind f a fixed poi M of F" i 0

Proof. By [Bro71], Theorem 6, p. 60., the index of a product is the product of the indices. [ ]
(4) Let Dy =+/D?, + D3, Dy =+/D3, + D3, denote the equivariant metrics on the universal

covers S, Sy respectively, which satisfy (4) above.
For Z = (Z1,Z2), ¥ = (91,92) € M, define the product metric on M

Dy((31,%2), (i1, 7)) = \/D%S(fl,@h) + D2 (%2, 92),
Du((d1,%2), (51, 72)) = \/D%H(fl,ﬁl) + D2, (%2, 72),
and D =\/D2+D2: M x M - [0,00). Then D is an equivariant metric on M because if
aem(S) and B em(S2),
D((, B)(Z1,%2), (a, B)(§1,52)) = \/D%(ajlvagl) + D3(Bi2, Bij)
= \/D%(i'lagl) + b%(f27g2)
= D((i'l?:z?)v (gla Z?Q))
Suppose A1 and A\ are the constants from (4) such that
Diu(fiz1, frin) = MD1u(Z1,31), and Dau(foa, foil2) = AeDau(F2, 7j2).-
Let A =min{A, Ao} > 1, ) = max{\, A2} > 1. We have
ADy((21,22), (1, 92)) < Du((fr x f2)(31,22), (f1 x f2)(§1,52))
= \/D%u(flfh fiin) + D3, (faia, f2i)2)
= \/)\%D%u(fl, gjl) + )\%Dgu(ijg, 172)
<N Dy((21,22), (91, 92))-
Similarly, ADy(%,7) < Dg(F~'%, F~'9) < N'Dy(%, 7). n
Let p: M - M denote the covering projection. We fix a lift F = jjl x fo: M — M of F. Then
there is a unique lift G: M - M, that is equivariantly homotopic to F.
Now we show that for periodic points x of F' and y of G, both of period n, the fact that the orbit

of x is K-globally shadowed by the orbit of y is equivalent to that (F",z) and (G",y) are Nielsen
equivalent.

Lemma A.2 (Lemma 1.7 of [Han85]). If x is a fixed point of F™ and y is a fixed point of G™, then
(F™,x) is Nielsen equivalent to (G™,y) if and only if (F,x) ~ (G,y).
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Proof. First suppose (F™,x) and (G™,y) are Nielsen equivalent, so there exist lifts ,7 € M and a
covering transformation ¢ such that F'Z =tZ and Gy =ty. Then

D(F*z,G*y) = D(FF"F" &, GF"G"j) = D(F* "z, G*"ty)
_ D(Fk—ntF—(k—n)Fk—n~ Gk—ntG—(k—n)Gk—n~)
= D({'F*"z,t'GE ) = D(FF "%, GF "),

where t' = FFr¢f-(k=n) = GF=n¢G=(k=1) g another covering transformation, equal because F =~ G.
Thus f)(ﬁ’kfé, ékgj) takes on only finitely many values, namely, for £ =0,1,...,n-1, so it is bounded.

Conversely, if (F,z) ~ (G,y), then there exist lifts Z of 2, and § of y such that D(F*#, G*j) < K
for some K >0 and for all k € Z. Suppose F"i = si and G = tj. Then s 'F"% = &. Since F ~ G,
for any v e m (M), Gyv = Fgy. Thus

D(&,(s'\G™kg) = D((s L F™* %, (s71G™)Fg) = D(F™ &, G™ ) < K, for all k € Z.
Any bounded subset of M intersects only ﬁnitfaly many lifts of y, and (s_lé")kg is yet another
lift of y. There exists an N € Nyg such that (s7'G™)V§ = 7. On the other hand

(s7'GMN g = (s GM g =57 = (s GV (57,
So
W(stGMNg = sy = (s'G™)N sy
This implies that s~ (s 'G™)N = (s 'G™)Ns7'¢, which implies that G™ fixes the free homotopy
class corresponding to s™'t. Then by (2’), s7't =1, so s = . [ |

Remark A.3. Note that only in the very last line of the proof we needed the fact that F is a
product of pseudo-Anosov diffeomorphisms and used poperty (2’). Thus we can claim that Nielsen
equivalence always implies K-global shadowing.

Lemma A.4 (Lemma 2.1 of [Han85]). (i) If z1 and x2 are distinct fized points of F™, then (F", x1)
and (F™,x9) are not Nielsen equivalent; (ii) If x is F-periodic with least period n, then there exists
y which is G-periodic with least period n and such that (F",x) is Nielsen equivalent to (G™,y).

Proof. For (i), suppose (F",z1) and (F",z2) are Nielsen equivalent. There are lifts 71 of 21 and
Ty of x9 such that FZ#; = t#; and Fa:g =tZy. Then t~ 1P%, =%, and t~ Fazg =ZTy. t~ LF has to be a
lift of F' that fixes both Z; and Z3, but by (4’), there is no lift of any iterate of F' that can fix two
distinct points.

Now we prove (ii). Let H : M x I - M be the homotopy such that H(x,0) = F"(x) and
H(z,1) = G™"(x). By (3’), the fixed point index of any fixed point of F™ is never zero, so Theorem
3, p. 94 in [Bro71] states that there exists a fixed point of y that is Nielsen equivalent to x.

It is sufficient to show that y has least period n.

Now fix lifts #,§ such that F"& = t@ and G"j = t§j, t € w1 (M), so t *F"% = & and t"'G"j = 7,
ie. t71G" is a lift of G" that fixes y. Suppose y has least period m; < n and let ms = n/my > 1.
There exist unique lifts F™ and G™ such that F"% = & and G™jj = §j. We can find a t; € w1 (M) such
that t1G™ = (tléml)mQ. Since t; F™ is equivariantly homotopic to ¢t;G™ and by uniqueness of
the equivariant lift, t""F™ = (¢, F™)™2. This implies, for any k € Z,

(t—lﬁwn)(tlﬁwml )kj; _ (tlﬁwml )m2+k:~é _ (tlf;mu )kt—lﬁm~ _ (tlﬁmn )kﬂ?,
that is, "' F™ fixes the entire t; F™ orbit of Z. But we observed by (4’) that no lift of an iterate
of F can fix two distinct points, so t; F™ fixes # and is equal to t ' EF™. Therefore m; = n. [

Remark A.5. In the above proof we needed properties (3’) and (4’).
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Lemma A.6 (Lemma 2.2 of [Han85]). There exists a K = K(G) (dependent on G) such that for
any x,y € M, if (F,z) ~ (G,y), then (F,z) ~% (G,y). In particular, if x, - x,yp — y, and
(F, xn) ~ (Gayn) then (F,QT) ~ (G,y)
Proof. Let
R= max{ sup D(Fz,G%), sup D(F 'z, G’li?)}
zeM FeM
This maximum is reached and R < oo because F' is homotopic to G, M is compact and the metric

is equivariant.
(4’) then implies that

Du(F#,Gj) > Du(F&, F§) - Du(F, Gj) > AD(%,7) - R,
and similarly Dy(F~'Z,G™'§) > ADs(Z,7) - R.
Let K =2(R+1)/(A-1). If Dy(Z,7) > K/2, then
Dy(F#,Gj) = Du(#,4) 2 (A= 1)Du(,) - R > 1,
s0 Dy(Fi,Gj) > 1+ Dy(#,9). If Dy(%,3) > K/2, then Dy(F'%,G') > 1+ Dy(&,7). This means
if any of the distances between the iterates of Z,7 exceeds K /2, the orbits cannot globally shadow
each other, for any constant K'.

Therefore, if (F,z) ~ (G,y), there must be lifts & § such that D,(F*%,G*j) < K/2 and
Dy(F*#,G*)) < K/2 for all k € Z. Then D(F*#,G*j) < K for all k € Z. We have found a
uniform bound, namely K, for the shadowing constant. We can write (F,z) ~% (G,y). This K is
independent of x,y.

Now we prove the second statement of the lemma. Suppose x, - z,y, — y, and for each n, fix
lifts so D(F*&,,G*f,) < K for all k. We claim that there exist convergent subsequences {#n,} and
{@n, } that converge to lifts &, 7 so D(F*z,G*)) < K for all k.

Take U ¢ M, a neighborhood of x that is evenly covered by the covering projection p. There is
an N € N such that for all n > N, z,, € U. Take U € p~'U to be the connected component that
contains Ty, the lift that we picked as above. Then for each I, € {Z,},>n there is a t, € 71 (M)
such that t,Z, € U, so {tnZn}nsn converges to a lift & of x. We want to show that {t,0n}nsn
contains a convergent subsequence. For any n > NV,

D(tn18n+1,tndn) < DN 1TN+1,EN+1EN+1) + DEN11Z N1, tndn) + D(tndn, taln) < 2K +e¢,

for a small e, the diameter of U, by the uniform boundedness we showed above and equivariance
of the metric. Thus {t,3 }n>n is @ bounded sequence. Therefore, there is a subsequence {t,;7x, }
that converges to some lift 3 of y.

Now for any k € Z,

D(F*z,G*j) < D(F*&, F*%,,,) + D(F*%,,,,G*§n,) + D(G 5, G*) < K + 2¢,
for large enough n; and small e. Thus (F,z) ~ (G, y). |
Remark A.7. In the above proof we needed (4’).

Theorem A.8 (Theorem 1 of [Han85)). (i) (F,z1) ~ (F,z2) implies that x1 = xo; (ii) For all
x € M, there exists y € M such that (F,z) ~ (G,y); if © is F-periodic with least period n, then y
can be chosen to be G-periodic with least period n.

Proof. By (4’) we have (i).

By (1’) periodic points of F' are dense in M. For any x € M, there exists a sequence {x,}
of periodic points of F, each with least period p,, such that x, — x. Then by Lemma A.4
(ii), for each n, there exists y, that is G-periodic with least period p, and (FP* x,) is Nielsen
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equivalent to (GP",y,). By Lemma A.2, (F,x,) ~ (G,y,) for all n. Since M is compact, there is a
subsequence {yn, } € {yn} such that y,, -y as k - oo, for some y € M, so (F,zp,) ~ (G, yn,) and
Tp, = T, Yn, = Y. By Lemma A.6, we have (F,z) ~ (G,y). If z is F-periodic, the last statement
trivially follows from A.4 and A.2. [

Remark A.9. Note that in the above proof we used the fact that Nielsen equivalence implies global
shadowing to find points that shadow, which does not require property (2’), as said in Remark A.3.

Proof of A.1. Let Y ={y € M : 3x € M such that (F,z) ~ (G,y)}. For any x¢ € M, by Theorem A.8
(ii), there exsits yo € M such that (F,z) ~ (G,y). Thus we can define a surjective map ¢:Y - M
by ©(yo) = zo. It is well-defined by Theorem A.8 (i).

Next we show that Y is closed. Take a convergent sequence {y,} €Y such that y, — y for some
y € M. For each y, there is an x,, such that (F,z,) ~ (G,y,). Because M is compact, there is a
subsequence {x,, } of {x,} such that x,, - x € M. Thus by Lemma A.6, we have (F,z) ~ (G,y)
and so y € Y and Y is closed.

By the above and how we define ¢, if {y,} € Y is such a sequence that y, - y € Y, then we
have z,, = ¢(yn) and ¢(y) = z. Suppose another convergent subsequence z,, — z' # . Then
(F,z") ~ (G,y), which cannot happen because of A.8 (i). Thus {z,} also converges to x, and ¢ is
continuous.

We define ¢(y) = Z for such lifts so we have f)(fk:%,gkgj) < K for all k € Z, where K is as in A.6.
Then D(¢(3),§) < K for § €Y, so ¢ is homotopic to the inclusion.

Finally, take y € Y. Since (F,z) ~ (G,y) implies (F,F(x)) ~ (G,G(y)), Fo¢(y) = F(x) =
©(G(y)). Therefore F op=¢oGly. ]
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